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The non-Abelian gauge fields play a key role in achieving novel quantum phenomena
in condensed-matter and high-energy physics. Recently, the synthetic non-Abelian
gauge fields have been created in the neutral degenerate Fermi gases, and moreover,
generate many exotic effects. All the previous predictions can be well understood
by the microscopic Bardeen-Cooper-Schrieffer theory. In this work, we establish an
SU(2) Ginzburg-Landau theory for degenerate Fermi gases with the synthetic non-
Abelian gauge fields. We firstly address a fundamental problem how the non-Abelian
gauge fields, imposing originally on the Fermi atoms, affect the pairing field with no
extra electric charge by a local gauge-field theory, and then obtain the first and second
SU(2) Ginzburg-Landau equations. Based on these obtained SU(2) Ginzburg-Landau
equations, we find that the superfluid critical temperature of the intra- (inter-) band
pairing increases (decreases) linearly, when increasing the strength of the synthetic
non-Abelian gauge fields. More importantly, we predict a novel SU(2) non-Abelian
Josephson effect, which can be used to design a new atomic superconducting quantum
interference device.
The non-Abelian gauge fields, whose different compo-
nents do not commute each other, are a central build-
ing block of the theory of fundamental interactions. At-
tributed to their high degrees of controllability, tunabil-
ity, and versatility, ultracold quantum gases are a pow-
erful platform to simulate the non-Abelian gauge fields.
In general, the atomic quantum gases are charge neutral,
and are thus not influenced by external gauge fields the
way electrons are. Fortunately, by controlling different
laser-atom interactions, the synthetic non-Abelian gauge
fields can be created in these neutral quantum gases [1–3].
Moreover, the simplest non-Abelian gauge field, which
is always called the one-dimensional (1D) equal-Rashba-
Dresselhaus(ERD)-type spin-orbit coupling, has been re-
alized experimentally [4–12], using a pair of Raman
lasers. Recently, the similar but spatial-dependent gauge
field has also been achieved in ultracold 87Rb atom [13].
These important experiments pave a new way for explor-
ing nontrivial quantum effects, induced by the synthetic
non-Abelian gauge fields, in ultracold quantum gases.
For instance, based on the microscopic Bardeen-Cooper-
Schrieffer (BCS) theory, exotic superfluids [14–31], in-
cluding the topological BCS [22–26] and Fulde-Ferrell-
Larkin-Ovchinnikov phases [27–31], have been predicted
in degenerate Fermi gases.
In the conventional charge superconductors, the U(1)
Ginzburg-Landau (GL) theory, in parallel with the mi-
croscopic BCS theory, is another famous theory to ex-
plore relevant physics [32]. One of its most powerful fea-
tures that it can be used to quantitatively describe the
effects induced thermal fluctuations in the intermediate
and strong coupling normal states, which are, however,
missed in the BCS theory [33]. Moreover, some novel
quantum phenomena, such as Josephson effect, flux flow,
and the melting of the Abrikosov vortex lattice, etc. [34],
have also been revealed by this theory. However, the
GL theory for degenerate Fermi gases with the synthetic
non-Abelian gauge fields is still lacking. In this work, we
establish an SU(2) GL theory for this system, based on
the non-Abelian properties of the synthetic gauge fields.
Notice that in the conventional charge superconduc-
tors, the pairing has the electric charge 2e, and is thus
affected easily by the external gauge fields. However, the
formed pairing in degenerate Fermi gases is charge neu-
tral. It is natural to ask a fundamental and very impor-
tant problem how the neutral pairing field interacts with
the synthetic non-Abelian gauge fields, imposing origi-
nally on the Fermi atoms. We firstly address this key
issue by a local gauge-field theory of the pairing field.
Then, we obtain the first and second SU(2) GL equa-
tions by the variation of the total free energy with re-
spect to the pairing field and the synthetic non-Abelian
gauge fields. Based on these obtained SU(2) GL equa-
tions, we find that the superfluid critical temperature of
the intra- (inter-) band pairing increases (decreases) lin-
early, when increasing the strength of the synthetic non-
Abelian gauge fields. More importantly, we predict a
novel SU(2) non-Abelian Josephson effect, which can be
used to design a new atomic superconducting quantum
interference device.
Results
Total free energy in space. In general, the pair-
ing field, resulting from the two-component Fermi atom
field φ(r) coupled with the synthetic SU(2) non-Abelian
gauge fields, is expressed as ψ(R) = φ1(r)φ2(r
′), where
φ1 and φ2 are the fields for two different Fermi atoms, r
2and R = (r+ r′)/2 is the coordinate of the pairing field
[35]. Obviously, ψ is a boson field. In terms of the local
gauge-field theory of the pairing field (see Methods), we
demonstrate strictly that this pairing field has an inter-
nal helical doublet and can interact with the same syn-
thetic non-Abelian gauge fields, imposing originally on
the Fermi atoms.
In addition, the total free energy is derived, in units of
~ = c = 1, by (see Methods)
Fs =
∫
d3R(fn + Ueff + fc + fG). (1)
In equation (1), fn is the energy density of the normal
state. Ueff = aψ
∗ψ + b(ψ∗ψ)2/2, with the coefficients
a and b, is the effective potential of the pairing field.
The first and second terms of Ueff are the free and self-
interacting energy densities of the pairing field, respec-
tively. The explicit expressions of the coefficients a and
b can, in principle, be determined from the microscopic
BCS theory [35]. In general, the coefficient a is depen-
dent of temperature. When the temperature is lower
than the superfluid critical temperature, a > 0, while
a < 0 vice versa. On contrary, the coefficient b is posi-
tive for any temperature. fc = |Πiψ|2 /4m is the kinetic
energy, where Πi = −i∂i−αAi and m is the mass of the
Fermi atom. fG = ̺LijLij is the energy density func-
tional of the synthetic non-Abelian gauge fields Ai, where
Lij = ΠiAj − ΠjAi is the tensor of the synthetic non-
Abelian gauge fields Ai, and satisfies the anti-symmetry
property Lij = −Lji, and ̺ is a coefficient determined
by the synthetic non-Abelian gauge fields Ai. In the pre-
vious discussions, the synthetic non-Abelian gauge fields
are usually chosen, in the spin-basis representation, as
A = [lσx, χlσy, 0, f(l)ˆI2], (2)
where l and f(l) are the introduced functions of space-
time, the dimensionless constant χ determines the type of
the synthetic non-Abelian gauge fields, and Iˆ2 is a 2× 2
unit matrix. For χ = 1, the 2D RD-type non-Abelian
gauge field emerges, and becomes the 1D ERD-type non-
Abelian gauge field in the case of χ = 0 [4–12]. Recent
experiment shows that the functions l and f(l) can be
determined by the Rabi frequencies of laser fields [13],
thus both space- and time- dependent functions l and
f(l) can be accessible.
The first SU(2)GL equation. To describe the stable
superfluid, we need study the variations of the total free
energy, δFs(ψ), δFs(ψ
∗), and δFs(Ai). In the case of the
three-component non-Abelian gauge fields Ai, the results
are very complicate. For simplicity, here we only deal
with the in-plane non-Abelian gauge fields, i.e., Az = 0.
In such a case, we obtain the first SU(2) GL equation
(see Methods)
1
4m
[
(−i∂ζ − αAζ)2 − ∂2z
]
ψ + aψ + bψ2ψ = 0 (3)
with ζ = x, y.
The gauge-invariant field equation (3) fully describes
the interplay between neutral superfluids and the syn-
thetic non-Abelian gauge fields, when the temperature is
lower than the superfluid critical temperature. It seems
that this equation is similar to that of the U(1) case.
In fact, the physics is quite different. Attributed to the
SU(2) properties of the synthetic gauge fields, there are
two kinds of superfluid states, including the positive and
negative helical states. Moreover, they couple with each
other and both of them are vectors in 2D Hilbert space
of the helical basis. It means that equation (3) is a two-
component coupled equation in 2D Hilbert space. In ad-
dition, in the U(1) case, the pairing is formed by two
spin states. However, in the presence of the synthetic
non-Abelian gauge fields, the pairing emerges in two he-
lical states. These different spin and helical states lead
to different dispersion relations, and thus different micro-
scopic quantum statistics of the interacting many-body
systems. It implies that the coefficients a and b are also
different.
Due to existence of the term bψ2ψ, the two-component
nonlinear equation (3) is hard to be solved exactly. Here
we use an approximate linearization method (i.e., assum-
ing bψ2ψ ≃ 0) to deal with this equation [36, 37]. As
an example, we consider a static RD-type non-Abelian
gauge field, i.e., l = 1 and χ = 1 in equation (2). In
such case, we rewrite the spatial part of this non-Abelian
gauge field as [σxkF(ξ0 + κy), σzkF(ξ0 + κx), 0], with
the dimensionless infinitesimal κ and the Fermi vector
kF of the non-interacting Fermi gases, and then assume
the corresponding solution as ψ = exp(ikzz)h(x, y). The
introduced dimensionless infinitesimal κ doesn’t change
the static property of the RD-type non-Abelian gauge
field since κy −→ 0 and κx → 0, but is an auxil-
iary quality, which only help us to approximately solve
equation (3). Substituting the assumed solution ψ into
equation (3) and using the approximate linearization
method [36, 37], we obtain the following 2D oscillator-
type equation: −(∂2x + ∂2y)h(x, y)/4m + mκ2[ω2cy(y −
C0)
2 + ω2cx(x − C0)2]h(x, y) = (|a| − k2z/4m)h(x, y),
where ωcx = ασzkF/2m and ωcy = ασxkF/2m are
the circular frequencies in the x and y directions, re-
spectively, and C0 = −ξ0/κ. By further solving the
above oscillator-type equation, we obtain |a| − k2z/4m
= (n′x + 1/2)ωcx + (n
′
y + 1/2)ωcy, where n
′
x and n
′
y are
the positive integers. When the condensate occurs, only
the ground state (n′x = n
′
y = 0, kz = 0) becomes signif-
icant [36, 37]. As a consequence, the critical temper-
ature is obtained, in the spin-basis representation, by
T sc ≃ Tc(0) − αkF(σx + σz)/4aTm, where Tc(0) is the
critical temperature without the synthetic non-Abelian
gauge fields, and aT (> 0) is the leading-order expansion
coefficient of a at Tc(0).
Since in this work we investigate the physics of super-
fluid with the helical doublet, the critical temperature is
3obtained, from a transformation of SU(2) group repre-
sentation to the helical basis of pairing doublet, by
Tc ≃ Tc(0)−
√
2αkFσz
4aTm
. (4)
When α = 0, Tc = Tc(0), as expected. Equation (4)
shows that the superfluid critical temperature is a 2× 2
matrix, because equation (3) is a two-component coupled
equation. The diagonal elements reflect the critical tem-
perature for the different superfluid states (the positive
and negative helical states). Using the similar consid-
eration of the electric charge matrix of the left-handed
doublet of lepton [38], we find that, when increasing the
coupling strength α, the critical temperature of the pair-
ing field in the negative helical state increases linearly
from a non-zero value, which is consistent with the re-
sult derived from the microscopic BCS theory with the
Nozier´es–Schmitt-Rind correction [18]. Moreover, we can
confirm that the pairing fields in the positive and nega-
tive helical states govern the superfluid physics of the
inter- and intra- band pairings, respectively. For the su-
perfluid critical temperature of the inter-band pairing, it
decreases linearly when increasing the coupling strength
α. This behavior can also be easily understood since the
inter-band pairing is gradually suppressed, attributed to
the blocking effect in Fermi surface.
The second SU(2) GL equation. The second
SU(2) GL equation is obtained by (see Methods)
iα
4m
(ψ∗∂ζψ − ψ∂ζψ∗) + α
2
2m
ψ∗ψAζ = 2̺(Λζ − i2αΘζ),
(5)
where
Λζ = ∂η∂ζAη − ∂2ηAζ − ∂2zAζ , (6)
Θζ = −(∂ζAη)Aη + (∂ηAζ)Aη (7)
with η = x, y. Equation (5) is also a two-component
field equation. The left term of this equation reflects the
in-plane supercurrents [35], i.e,
jζ =
iα
4m
(ψ∗∂ζψ − ψ∂ζψ∗) + α
2
2m
ψ∗ψAζ , (8)
This means that equation (5) governs the interplay be-
tween the in-plane supercurrents jζ and the synthetic
non-Abelian gauge fields Aζ . In addition, the term Θζ
in equation (7) is a new term, originating from the non-
Abelian properties of the synthetic gauge fields Aζ . The
supercurrent in the z direction is given by (see Methods)
jz =
iα
4m
(ψ∗∂zψ − ψ∂zψ∗). (9)
In terms of Noether’s theorem [39], the neutral su-
percurrents in equations (8) and (9) are the SU(2)
charge currents, rather than the conventional probabil-
ity currents (ji = n0∂iθ/2m) of superfluid order pa-
rameter ψ0 =
√
n0e
iθ without any gauge field, where
n0 is the density of pairing. However, the supercur-
rent in the z direction is trivial, since it doesn’t interact
with the synthetic non-Abelian gauge fields Aζ . When
the synthetic gauge fields are the U(1) cases, the term
Θζ = 0, and equations (3) and (5) reduce respectively
to
[
(−i∂ζ − e′Aζ)2 − ∂2z
]
ψ/4m + aψ + bψ2ψ = 0 and
ie′(ψ∗∂ζψ − ψ∂ζψ∗)/4m+ e′2ψ∗ψAζ/2m = 2̺Λζ, where
e′ is the effective electric charge [35]. Moreover, the pair-
ing field ψ is a single-component scalar field.
We emphasize that the nonlinear SU(2) GL equation
(5) is gauge invariant, even if the terms Λζ and Θζ are
dependent of the synthetic non-Abelian gauge fields. No-
tice that for the static synthetic non-Abelian gauge fields,
Λζ = 0 and Θζ = 0, derived from equations (6)-(7). It
seems that the in-plane supercurrents vanish. In fact, in
terms of SU(2) symmetry, we make a local gauge trans-
formation ψ′ = ULψ and A
′
i = −i(∂iUL)U †L/α+ULAiU †L,
and then obtain Λ′ζ 6= 0 and Θ′ζ 6= 0, i.e., equation (5) as
well as the in-plane supercurrents still exist.
If the synthetic non-Abelian gauge fields are depen-
dent of space-time, they can not be transformed to the
static cases by a local gauge transformation. In this case,
the superfluid physics becomes very rich, and however, is
difficult to be discussed by the microscopic BCS theory.
On contrary, our established GL theory is a powerful tool
in this respect. In the Table I, we give the explicit ex-
pressions of Λζ , Θζ , and especially, the supercurrents for
the 2D RD- and 1D ERD- type non-Abelian gauge fields
with l = Σt + ε sin(ω0t)/ω0, where the physical mean-
ings of parameters Σ, ε, and ω0 will be interpreted in
the following discussions. For the 1D ERD-type non-
Abelian gauge field, the new term Θζ disappears. In
addition, we will show in the next section that the space-
time-dependent non-Abelian gauge fields generate a novel
SU(2) non-Abelian Josephson effect, which is a tunneling
phenomenon in a weakly-linked superfluid system [40].
SU(2) non-Abelian Josephson effect. To predict
the SU(2) non-Abelian Josephson effect, we consider two
identical degenerate Fermi gases without initial popu-
lation imbalance, respectively distributed in two sides
of double-well potential through a weakly-linked barrier
[41–44], and denote these two regions as I and II (see
Fig.1). The space-time-dependent non-Abelian gauge
fields are chosen as the terms in equation (2). In this
neutral Fermi atom system, we can investigate a gauge-
invariant mass current jmζ = 2mjζ , where the factor 2
originates that the formed pairing consists of two atoms
[45, 46].
4TABLE I: The explicit expressions of Λζ , Θζ, and es-
pecially, the supercurrents for the 2D RD- and 1D
ERD- type non-Abelian gauge fields. The supercur-
rent 1 can be influenced by the synthetic non-Abelian gauge
fields, while the supercurrent 2 is only a trivial SU(2) charge
current, like Eq. (9). In the case of the 1D ERD-type non-
Abelian gauge field, the new term Θζ disappears, and the
supercurrent 1 emerges only in the x direction. Here, the
functions are defined as y1 = Σt
2∂ηΣ + t∂η(Σε) sin(ω0t)/ω0
and y2 = ε∂ηε sin
2(ω0t)/ω
2
0 , respectively. The indices ζ and
η satisfy the Einstein rule, in which ζ and η only take differ-
ent coordinates of x and y at the same time, i.e., if ζ = x,
then η = y.
ERD RD
SU(2) gauge fields (lσx, 0, 0) (lσx, lσy, 0)
Λζ −(∂2y + ∂2z )lσx −(∂2η + ∂2z)lσζ
Θζ 0 (y1 + y2)(σζση − Iˆ)
Supercurrent 1 jERDx j
RD
x , j
RD
y
Supercurrent 2 jERDy , j
ERD
z j
RD
z
When the vacuum condensate occurs, we have two
conditions, ∂Ueff/∂ψ = 0 and ∂Ueff/∂ψ
∗ = 0 [39], and
thus ψ∗ψ = −a/b. So the pairing field is written as
ψ = (
√
a/4b,
√
a/4b)T ei(
pi
2
+ϕ), where ϕ is the phase. In
addition, in this weakly-linked system, we also have two
phenomenal boundary conditions, ∂ψI/∂ζ = ψII/d
′ and
its complex conjugate, at the barrier [32], where the pa-
rameter d′ is the width of barrier. Without the synthetic
non-Abelian gauge fields Aζ , the direct-current Joseph-
son mass current density in the ζ direction is found as
jmζ = −(aα/2bd′)Ξˆ sin(∆ϕ), where the phase difference
is defined as ∆ϕ=ϕII − ϕI and Ξˆ is a 2 × 2 matrix with
Ξˆ11 = Ξˆ12 = Ξˆ21 = Ξˆ22 = 1. In the presence of the
synthetic non-Abelian gauge fields Aζ , the phase differ-
ence must be modified, in order to obtain the gauge-
invariant mass current. By considering the dimensional
property, we write a gauge-invariant phase difference as
∆ϕ = ϕII0−ϕI0−α
∫ II
I
Aζdζ, where ∆Φ0 = ϕII0−ϕI0 is
the initial phase difference between the regions I and II.
Since the synthetic non-Abelian gauge fields Aζ are de-
pendent of space-time, we further rewrite the total phase
difference as ∆ϕ = − α ∫ t
t0
dt
∫ II
I
dAζ
dt
dζ , and the mass
current is thus given by
jmζ = −
aα
2bd′

 1 1
1 1

 sin (−α

 0 κ1
κ2 0

), (10)
where κ1 =
∫ t
t0
dt
∫ II
I λ1
dl
dt
dζ, κ2 =
∫ t
t0
dt
∫ II
I λ2
dl
dt
dζ, and
λ1 and λ2 are the dimensionless constants, determined
by the type of the synthetic non-Abelian gauge fields.
For the ERD-type (χ = 0) or the x component of the
RD-type (χ = 1) non-Abelian gauge fields, λ1 = λ2 = 1,
FIG. 1: A possible scheme to achieve the SU(2) non-
Abelian Josephson effect and the Shapiro step. Two
identical degenerate Fermi gases (DFGs) without initial pop-
ulation imbalance are respectively distributed in two sides of
the double-well potential. The lasers are used to create the
non-Abelian gauge fields.
which become λ1 = −i and λ2 = i in the case of the y
component of the RD-type non-Abelian gauge field.
By controlling different laser-atom interactions (for ex-
ample, adding a sinusoidal perturbation on Rabi frequen-
cies, etc.) [1–3], we can choose dl/dt = Σ + ε cos(ω0t)
with Σ = dG/dζ and ε = dg/dζ, where G and g reflect
the chemical potential difference between the two wells
of the unit SU(2) charge in the synthetic non-Abelian
gauge fields and its amplitude of oscillating potential
perturbation, respectively. In this case, the coefficient
̺ = ω0d
′4/4. When {G, g} ≪ EF (EF = k2F/2m is the
Fermi energy of the non-interacting gases), equation (10)
is simplified as (see Methods)
jmζ = −
aα
2bd′
Ξˆ
∞∑
k=−∞
Ωˆk (11)
with Ωˆk =diag(κ3, κ4), where κ3 =
λ1λ2(−1)kJk(αg/ω0) sin[(αG − kω0)t + α∆ϕ01)],
κ4 = λ1λ2(−1)kJk(αg/ω0) sin[(αG − kω0)t + α∆ϕ02)],
Jk(αg/ω0) is the k-th Bessel function with respect to
αg/ω0, and ∆ϕ01 and ∆ϕ02 are the matrix elements
of the initial phase difference. Equation (11) shows
that the space-time-dependent synthetic non-Abelian
gauge fields can induce an alternating-current SU(2)
Josephson mass current, which has never been predicted
from the microscopic BCS theory [14–31].
In equation (11), if αG − kω0 = 0, the k-th current,
with the magnitude Ik = |aαJk(αg/ω0)/2bd′|, converts
to a direct current. This means that the Shapiro step,
with the same magnitude Ik, emerges in our predicted
mass-current Josephson effect. We define a k-th gap
∆k = αG0 − kω0 = Nω0, where N ∈ Z is a topo-
logical invariant of the fundamental group π1(S
1) with
5−2 −1 0 1 2 3−4
−3
−2
−1
0
1
2
3
Gap ∆k/ω0
To
po
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t N
 
 
k−th
(k+1)−th
FIG. 2: The evolution of the topological invariant of
the current component in equation (11). The black
line represents the topologically-trivial mass current in the
presence of a static Rashba-type non-Abelian gauge field.
S1 = R1 ∪ {∞}. We find that the direct-current compo-
nent is topologically trivial (N = 0) and the alternating-
current component is topologically nontrivial (N 6= 0).
When increasing G, we need consider a generalized gap
∆k = (N + σ)ω0, where σ ∈ [0, 1]. When σ = 1, the k-
th component becomes topologically nontrivial (N = 1),
while the (k + 1)-th component becomes topologically
trivial (N = 0), where a new Shapiro step, with the
magnitude Ik+1, appears. This process is depicted in
Fig. 2. We emphasize that our predictions arises from
the space-time-dependent non-Abelian gauge fields. If
the gauge field is chosen as the static Rashba-type gauge
fields, ∆ζII,I ≃ d′, and only a constant Josephson mass
current emerges. This Josephson mass current is topo-
logically trivial, as shown in the black solid line in Fig.
2.
Finally, we briefly illustrate the possible experimen-
tal observation of the predicted SU(2) non-Abelian
Josephson effect and the corresponding Shapiro steps.
In experiments, the double-well potential can be con-
structed effectively by the superposition of a 1D periodic
optical lattice with a 3D magnetic harmonic trap. The
frequencies in the radial and normal directions of the
3D magnetic trap are of 103Hz and 102Hz, respectively
[47]. The width and height of barrier are about 2 ∼ 4µm
and of 103Hz, respectively. When the pairing field con-
denses in the double-well potential with particle density
n = 3×1013cm−3, G ∼ 0.1EF and g ∼ 0.05EF [48]. This
means the the condition {G, g} ≪ EF is valid. Thus, the
predicted SU(2) non-Abelian Josephson effect as well as
the Shapiro steps can be detected experimentally by the
way of non-destructive phase contrast image [41].
Discussion
In summary, we have demonstrated strictly that the
neutral pairing of degenerate Fermi gases interacts with
the same synthetic non-Abelian gauge fields, imposing
originally on the Fermi atoms. Moreover, we have ob-
tained the first and second SU(2) GL equations, which
allow us to predict new quantum effects, such as an
SU(2) non-Abelian Josephson effect and the correspond-
ing Shapiro steps for the space-time-dependent non-
Abelian gauge fields. These results give new applications
of the synthetic non-Abelian gauge fields. For example,
we can design a novel atomic direct-current supercon-
ducting quantum interference device [49], based on the
predicted SU(2) non-Abelian Josephson effect.
Methods
The local gauge theory of the pairing field. In
order to apply the local gauge theory, we in this subsec-
tion consider the 4D space-time-dependent coordinate,
i.e., xµ = (t, r). We begin to study a two-component
Fermi atom field φ(xµ) coupled with the synthetic non-
Abelian gauge field. When the massive Fermi atom field
interacts with the synthetic non-Abelian gauge fields, its
behavior is identical to a Dirac field with the same lo-
cal gauge symmetry. In this Dirac-like atom field, each
component reflects a spinor, corresponding to an inter-
nal helical state. The corresponding speace-time action
is written as [39]
S =
∫
d4xµ[φ¯iγ
µ(∂µ+iαAµ)φ−mφ¯φ− 1
4
FµνF
µν ]. (12)
In equation (12), γµ (µ = 0, 1, 2, 3) are the Dirac gamma
matrices, satisfying the Clifford algebra γµγν + γνγµ =
δµν Iˆ, where δµν and Iˆ are the Kronecker notation and 4×4
unit matrix, respectively. ∂µ + iαAµ are the covariant
derivatives of the Fermi atom field φ, where Aµ(xµ) are
the synthetic non-Abelian gauge fields with [Aµ, Aν ] 6= 0,
and α is a constant that governs the coupling between the
Fermi atom field φ and the non-Abelian gauge fields Aµ.
Fµν = ∂µAν−∂νAµ+ iα[Aµ, Aν ] is the tensor of our con-
sidered non-Abelian gauge fields. The space-time action
in equation (12) is invariant via a local gauge transforma-
tion φ′ = ULφ, with UL(xµ) = exp[−iΛǫ(xµ)τǫ], where
τǫ (ǫ = 1, 2, 3) are the generators of the SU(2) Lie group,
and Λǫ(xµ) are the phase factors of space-time.
For the pairing field, we firstly investigate the global
gauge symmetry, and then generalize it to the local
case. When we introduce a global SU(2) operator
UG = exp(−iΛaGτa), where ΛaG is independent of space-
time, to make a gauge transformation φ1 → UGφ1 or
φ2 → UGφ2, the pairing field becomes ψ → UGφ1φ2,
which means that ψ′ = UGψ. According to the princi-
ple of gauge-field theory, we should obtain a Lagrangian
invariant L = T − V , under the above global gauge
transformation of the pairing field ψ. Using the rela-
tion −i∂µψ′ = −i∂µUGψ = −iUG∂µψ and its complex
conjugate, we find directly that the kinetic energy T =
6(i∂µψ∗)(−i∂µψ) is invariant. For the scalar pairing field
ψ that can condense in a non-zero vacuum state, the ef-
fective potential V must have a stable and non-zero mini-
mum point (vacuum). If expanding the effective potential
V with respect to ψ∗ψ around the critical temperature Tc
(up to second order), we obtain V ≃ −aψ∗ψ−b(ψ∗ψ)2/2.
Thus, the global gauge-invariant action for the pairing
field ψ is given by SψG =
∫
d4Xµ[(i∂
µψ∗)(−i∂µψ) + Ueff],
where Ueff = −V is an effective potential [39].
To discuss the local gauge symmetry of the pairing field
ψ, we replace UG by UL to make a similar gauge trans-
formation. However, in such case, −i∂µψ′ 6= −iUL∂µψ.
As a result, we introduce new covariant derivatives of the
paring field ψ, Dµ = −i∂µ − βBµ, to realize (Dµψ)′ =
UL(Dµψ) [39], which gives rise to three following equa-
tions:
−i∂µ(ULψ)− βB′µULψ = −iUL∂µψ − βULBµψ, c.c.,
(13)
and
B′µ = −
i
β
(∂µUL)U
†
L + ULBµU
†
L, (14)
where c.c. is the complex conjugate. With the help
of equation (14) and the covariant derivatives Dµ, we
confirm that (Dµψ∗)(Dµψ) are invariant under the local
gauge transformation UL, and so is the effective potential
Ueff. As a consequence, we obtain the space-time action
for the pairing field ψ in the local gauge symmetry,
SψL =
∫
d4Xµ[(D
µψ∗)(Dµψ) + Ueff + LV ], (15)
where Bµ are called the SU(2) Yang-Mills gauge fields,
β is a constant reflecting the coupling between the pair-
ing field ψ and the Yang-Mills gauge fields Bµ, LV =
−VµνV µν/4, with Vµν = DµBν − DνBµ, is the energy
density invariant of the Yang-Mills gauge fields Bµ.
Due to the identical gauge properties of the pairing
field ψ and the Fermi atom field φ, the Yang-Mills gauge
fields Bµ must have the same terms as the synthetic non-
Abelian gauge fields Aµ. Moreover, they have an identi-
cal conserved quality called the SU(2) charge, according
to Noether’s theorem [39]. This means that α = β. The
above two results lead to a significant conclusion that
the pairing field ψ can also couple identically with the
non-Abelian gauge fields Aµ, imposing originally on the
Fermi atoms, and have a similar internal helical doublet,
like the Fermi atoms. In addition, we obtain equation (1)
in the text, by extracting the spatial part of the space-
time action in equation (15).
The derivation of the first and second SU(2)
GL equations. The variation of the total free energy
functional can be written formally as
δFs =
∫
d3R(δfn + δUeff + δfc + δfG). (16)
When condensate of the pairing field ψ occurs, δfn ≡ 0.
Since the effective potential density does not depend on
the synthetic non-Abelian gauge fields, we have
δUeff = δUeff(ψ) + δUeff(ψ
∗). (17)
If further neglecting the higher-order terms with respect
to δψ and δψ∗, we derive δUeff(ψ) = aδψψ
∗ + bδψψ∗ψψ
and δUeff(ψ
∗) = aψδψ∗ + bδψ∗ψ∗ψ∗ψ.
For the coupled term between the pairing field ψ and
the synthetic non-Abelian gauge fields Ai, we have
δfc = δfc(ψ) + δfc(ψ
∗) + δfc(Ai), (18)
where i and j run over x, y, and z, be-
cause the pairing has a 3D momentum. Af-
ter a careful calculation, we have δfc(ψ) =[
(∂∗i ψ
∗ + iαAiψ
∗)δψ − (∂∗i + iαAi)2ψ∗δψ
]
/4m and
δfc(ψ
∗) =
[
(∂iψ − iαAiψ)δψ∗ − (∂i − iαAi)2ψδψ∗
]
/4m.
On the other hand, when neglecting the higher-order
terms with respect to δAi, we obtain δfc(Ai) ≃
α2ψ∗ψδAiAi/2m+ iα(ψ
∗∂iψδAi − ψ∂iψ∗δAi)/4m.
Finally, we consider the variation of the energy func-
tional density of the synthetic non-Abelian gauge fields
Ai,
δfG = ̺ [Lij(A+δA)Lij(A+δA)− Lij(A)Lij(A)] ,
(19)
where Lij(A) = −i∂iAj + i∂iAj + αAjAi − αAiAj and
Lij(A+δA) = −i∂iAj + i∂jAi − i∂iδAj + i∂jδAi +
αAjAi−αAiAj−αAiδAj+αAjδAi−αδAiAj+αδAjAi−
αδAiδAj + αδAjAi. When neglecting all the high-order
terms, such as O2(δAi), O
2(∂iδAi), and O
2(δAj∂iδAi),
we obtain
δfG = 2̺(αAiAj − αAjAi + i∂iAj − i∂jAi) (20)
×(αAiδAj − αAjδAi + i∂iδAj − i∂jδAi
+αδAiAj − αδAjAi)
= 2̺(ΠiAj −ΠjAi)(ΠiδAj −ΠjδAi)−
2α̺(ΠiAj −ΠjAi)(δAiAj − δAjAi).
Equation (20) shows the properties induced by the
synthetic non-Abelian gauge fields Ai. If all non-
commutators vanish, this equation becomes δfG =
−2̺(∂iAj − ∂jAi)(∂iδAj − ∂jδAi), which is the typical
result for the Abelian gauge field in the U(1) GL theory.
In the presence of the Abelian gauge fields, we have
(∇ × A) · (∇ × δA) = δA·(∇ × ∇ × A) − ∇ · [(∇ ×
A) × δA]. However, in the case of the SU(2) non-
Abelian gauge fields only with the in-plane components
(i.e., Az = 0), the above formula becomes ∂ζAη∂ζδAη −
∂ζAη∂ηδAζ − ∂ηAζ∂ζδAη + ∂ηAζ∂ηδAζ = (∂η∂ζAη −
∂2zAζ−∂2ηAζ)δAζ+(∂2ηAζδAζ+∂2zAζδAζ+∂ζAη∂ζδAη−
∂ζAη∂ηδAζ + ∂zAη∂zδAη − ∂ζ∂ηAζδAη), and equation
7(20) thus turns into
δfG = ̺[−2(∂η∂ζAη − ∂2zAζ − ∂2ηAζ)δAζ + (21)
4iα[−(∂ζAη)Aη + (∂ηAζ)Aη]δAζ
−2(∂2ηAζδAζ + ∂2zAζδAζ + ∂ζAη∂ζδAη −
∂ζAη∂ηδAζ + ∂zAη∂zδAη − ∂ζ∂ηAζδAη)].
In addition, for the 3D momentum of the pairing, the
boundary conditions are written as [32]
(∂∗i + iαAi)nψ
∗ = 0, c.c.. (22)
Using these boundary conditions, the variation of the to-
tal free energy functional is obtained by
δFs = δFs(ψ) + δFs(ψ
∗) + δFs(Aζ), (23)
where
δFs(ψ) =
∫
d3R{ 1
4m
[(i∂∗ζ + αAζ)
2 − ∂∗2z ]ψ∗ (24)
+aψ∗ + bψ∗ψ2}δψ,
δFs(ψ
∗) =
∫
d3R{ 1
4m
[(−i∂ζ − αAζ)2 − ∂2z ]ψ (25)
+aψ + bψ2ψ}δψ∗,
δFs(Aζ) =
1
2m
∫
d3R(α2ψ∗ψAζ
+
iα
2
(ψ∗∂ζψ − ψ∂ζψ∗)δAµ
+ ̺
∫
d3R{−2(∂η∂ζAη − ∂2zAζ − ∂2ηAζ)δAζ
+ 4iα[−(∂ζAη)Aη + (∂ηAζ)Aη]δAζ}
+ ̺
∫
d3R[−2(∂2ηAζδAζ + ∂2zAζδAζ
+ ∂ζAη∂ζδAη − ∂ζAη∂ηδAζ + ∂zAη∂zδAη
− ∂ζ∂ηAζδAη)].
(26)
Finally, using the conditions δFs(ψ) = δFs(ψ
∗) = 0, we
obtain the first GL equation (see equation (3) in the
text). In addition, by considering δFs(Aζ) = 0, we derive
the second GL equation and the supercurrents in the x,
y, and z directions (see equations (5)-(9) in the text).
The derivation of equation (11). We rewrite equa-
tion (10) as
jmζ = −
aα
2bd′
ΞˆIm[exp(

 0 ̟1
̟2 0

)], (27)
where ̟1 = −iαλ2[Gt+g sin(ω0t)/ω0+∆ϕ01] and ̟2 =
−iαλ1[Gt+ g sin(ω0t)/ω0 +∆ϕ02]. When {G, g} ≪ EF,
we approximately obtain
jmζ =−
aα
2bd′
Ξˆ
×Im[exp(

 0 αλ1i (Gt+∆ϕ01)
αλ2
i
(Gt+∆ϕ02) 0

)
× exp(

 0 αgλ1iω0 sin(ω0t)
αgλ2
iω0
sin(ω0t) 0

)].
(28)
Based on the definition of matrix exponential, equation
(28) turns into
jmζ = −
aα
2bd′
ΞˆIm(Pˆ ), (29)
where Pˆ =diag(exp[iα(Gt +
∆ϕ01)] exp[iαg sin(ω0t)/ω0]λ1λ2, exp[iα(Gt +
∆ϕ02)] exp[iαg sin(ω0t)/ω0]λ1λ2). To analyze the
properties of the gauge invariant mass current, we need
take a Fourier-Bessel power series for the elements of
the matrix Pˆ . By considering the parity of the Bessel
function, i.e., Jk(x) = (−1)kJ−k(x), we have
exp[i
αg
ω0
sin (ω0t)] =
=
∞∑
k=−∞
Jk(
αg
ω0
) cos(kω0t) + iJk(
αg
ω0
) sin(kω0t)
=
∞∑
k=−∞
(−1)kJk(αg
ω0
) exp(−ikω0t).
(30)
Substitute equation (30) into the matrix Pˆ yields
equation (11).
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